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J-FRAME SEQUENCES IN KREIN SPACE
SHIBASHIS KARMAKAR1, SK. MONOWAR HOSSEIN2 AND KALLOL PAUL3
Abstract. Let {fn : n ∈ N} be a J-frame for a Krein space K and PM be
a J-orthogonal projection from K onto a subspace M . In this article we find
sufficient conditions under which {PM (fn) : n ∈ N} is a J-frame for PMK
and {(I −PM )fn}n∈N is a J-frame for (I −PM )K . We also introduce J-frame
sequence for a Krein space K and study some properties of J-frame sequence
analogues to Hilbert space frame theory.
1. Introduction and preliminaries
Let H be a real or complex Hilbert space. A sequence {fn : n ∈ N} is said
to be a frame for a Hilbert space H if there exists positive reals A and B s.t.
A‖f‖2 ≤ ∑n∈N |〈f, fn〉|2 ≤ B‖f‖2 for all f ∈ H . Frame for Hilbert spaces was
defined by Duffin and Schaeffer [1] in 1952 to study some problems in nonharmonic
Fourier series. Daubechies et. al. [2] published a landmark paper in 1986 in this
direction while working on wavelets and signal processing. After their work, the
theory of frames begun to be more widely studied. Powerful tools from Operator
theory and Banach space theory are being used to study frames in Hilbert spaces
and it produced some deep results in Frame theory. Many researchers studied
frame in different aspects and applications [3, 4, 5, 6, 7]. Krein space theory [8] is
also rich in application among many areas of Mathematics. Some known areas of
application are in High energy physics, Quantam cosmology, Krein space filtering
etc. In the year 2011, Giribet et. al. [9] introduced frame in Krein spaces which
is known as J-frame. Recently Esmeral et. al. [10] defined frames in Krein spaces
in a more general setting.
The projection methods play a central role in almost every branches of Math-
ematics including Hilbert space frame theory. This method helps in evaluat-
ing truncation error which arises in computing approximate solutions to moment
problems, as well as handling the very difficult problem of computing dual frames
[12]. The following result plays an important role in Hilbert space frame theory:
Theorem 1.1. [3] Let {fn : n ∈ N} be a frame for a Hilbert space H with lower
frame bound A and upper frame bound B. Also let P be an orthogonal projection
from H onto V . Then {P (fn) : n ∈ N} and {(I−P )(fn) : n ∈ N} are also frames
for V and V ⊥ respectively, both admitting the same optimal frame bounds.
Conversely, if {fn}n∈N is a frame for P (H) and {gn}n∈N is a frame for (I −
P )H, both with frame bounds 0 < A ≤ B, then {fn}n∈N
⋃ {gn}n∈N is a frame for
H admitting the same frame bounds.
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There are two definitions of frame in Krein space, one introduced by Giribet
et al. [9] and the other by Esmeral et al. [10]. The above Theorem 1.1 does not
hold in Krein space if we follow the definition of Giribet et. al. [9], we have given
a counterexample in (3.3) to show that. But the Theorem 1.1 holds for Krein
space if we follow the definition of Esmeral et al. [10].
In this article we provide an example in (2.10) to show that definition in [10]
involves fundamental symmetry of a Krein space, which is not unique. We show
that the definition in [9] is independent of fundamental symmetry and so we use
the definition given in [9] for our further study.
Let PM be a J-orthogonal projection from a Krein space K onto a subspace
M . We find sufficient condition under which {PM(fn) : n ∈ N} is a J-frame for
the subspace (M, [ , ]). We also introduce J-frame sequence for a Krein space
K and derive some of its important properties similar to what had been done in
Hilbert space frame theory.
2. Basic Definitions
We briefly mention the definitions, geometric interpretations and some basic
properties of Krein spaces that we need for our study [8, 20, 21].
Definition 2.1. An abstract vector space (K , [ , ]) that satisfies the following
requirements is called a Krein space.
(1) K is a linear space over the field F , where F is either R or C.
(2) there exists a bilinear form [ , ] ∈ F on K such that
[y, x] = [x, y]
[ax+ by, z] = a[x, z] + b[y, z]
for any x, y, z ∈ K , a, b ∈ F , where [ , ] denote the complex conjugation.
(3) The vector space K admits a canonical decomposition K = K+[+˙]K−
such that (K+, [ , ]) and (K−,−[ , ]) are Hilbert spaces relative to the
norms ‖x‖ = [x, x] 12 (x ∈ K+) and ‖x‖ = (−[x, x] 12 )(x ∈ K−).
Now every canonical decomposition of K generates two mutually complemen-
tary projectors P+ and P− (P++P− = I, the identity operator on K ) mapping
K onto K+ and K− respectively. Thus for any x ∈ K , we have P± = x±,
where x+ ∈ K+ and x− ∈ K−. The projectors P+ and P− are called canonical
projectors. They are also ortho-projectors i.e. they are orthogonal (self-adjoint)
projection operator.
The linear operator J : K → K defined by the formula J = P+ − P− is
called the canonical symmetry of the Krein space K . The operator J is a self-
adjoint, unitary and involutory operator. The canonical symmetry J immedi-
ately generates orthogonal canonical orthoprojectors P± according to the formu-
lae P± = 1
2
(I ± J) and a canonical decomposition K = K+⊕K−, K± = P±K
and also the J-metric defined by the formula [x, y]J = [x, Jy], where x, y ∈ K .
The vector space K associated with the J-metric is a Hilbert space, called the
associated Hilbert space of the Krein space K .
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Definition 2.2. A subspace M of a Krein space K is said to be J-positive if
[x, x] ≥ 0 (x ∈ M). Further M is said to be uniformly J-positive if there is a
ǫ>0 such that [x, x] ≥ ǫ‖x‖2 (x ∈ M). J-negativity and J-uniform negativity of
a subspace is defined as positivity and J-uniform positivity with respect to the
selfadjoint involution −J . By this definition the trivial subspace {0} is uniformly
J-postive as well as uniformly J-negative.
Definition 2.3. Let (K , [ . ], J) be a Krein space and let x, y ∈ K . We say that
x is orthogonal to y, denoted by x ⊥ y, when [x, y]J = 0. Similarly, we say that
x is J-orthogonal to y, denoted by x[⊥]y, when [x, y] = 0.
Since the associated space (K , [ , ]J) for a Krein space K is a Hilbert space,
therefore we can study linear operators acting on Krein spaces. Some topological
concepts such as continuity and closure of a set, are concerning to the topology
induced by the J-norm.
Definition 2.4. Let M be a closed subspace of a Krein space K . The subspace
M [⊥] = {x ∈ K : [x, y] = 0, for all y ∈ M} is the J-orthogonal complement of
M with respect to [ . ].
Definition 2.5. Let M be a subspace of a Krein space K . M is said to be
projectively complete if K = M +M [⊥].
The J-adjoint of an operator T in Krein spaces, denoted by T [∗], satisfies
[T (x), y] = [x, T [∗](y)]. However, such T have an adjoint operator in the associ-
ated Hilbert space (K , [ , ]J), denoted by T
∗J . Furthermore, there is a relation
between T ∗J and T [∗], which is T [∗] = JT ∗JJ .
Let P be a bounded linear operator on a Hilbert space H . Also let R(P ) =
Range of the mapping P and Ker(P ) = Kernel of the mapping P . Then P is
called a projection if P 2 = P . If R(P ) = M and Ker(P ) = N , then P is called
the projection on M parallel to N . Therefore (I − P ) becomes the projection on
N parallel to M .
Here
Definition 2.6. A linear operator on a Krein space K is said to be J-selfadjoint
if T = T [∗].
A J-self-adjoint projection is called a J-projection. If P is a J-projection
with R(P ) = M , then it is necessarily the projection on M parallel to M [⊥].
Conversely, given a closed subspace M , a projection P on M parallel to M [⊥], if
exists, is J-self-adjoint, hence a J-projection.
Definition 2.7. A subspace M is said to be regular if it is the range of a J-
projection.
Every regular subspace is closed. If M is regular with J-projection P , then its
J-orthocomplement M [⊥] with J-projection (I − P ) is also regular.
Let (K , [ . ], J) be a Krein space. Suppose F = {fn : n ∈ N} is a Bessel
sequence of K and T ∈ L(ℓ2(I),K ) (where ℓ2(I) := {(ci) :
∑
i∈I |ci|2 < ∞}) is
the synthesis operator for the Bessel sequence F . Let I+ = {i ∈ I : [fi, fi] ≥ 0}
and I− = {i ∈ I : [fi, fi] < 0}, then ℓ2(I) = ℓ2(I+)
⊕
ℓ2(I−). Also let P±
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denote the orthogonal projection of ℓ2(I) onto ℓ2(I±). Let T± = TP±, M± =
span{fi : i ∈ I±} then we have R(T ) = R(T+) + R(T−), where R(T ) represents
range of the operator T .
Definition 2.8. [9] A Bessel sequence F is said to be a J-frame forK if R(T+) is
a maximal uniformly J-positive subspace ofK and R(T−) is a maximal uniformly
J-negative subspace of K .
We denote by QM and PM the orthogonal and J-orthogonal projections on M
respectively i.e. QM = Q
∗J
M = Q
2
M and PM = P
[∗]
M = P
2
M . If a subspace M (⊂ K )
is projectively complete then it must be closed i.e. M = M and non-degenerate
i.e. M∩M [⊥] = {0}. From Theorem 7.16 of [20] we know that ifM is projectively
complete, then M is regular.
Now we state a result which is due to P. Acosta-Huma´nez et. al.[11].
Proposition 2.9. Let M be a closed subspace of K. The following statements
hold.
(i) If QM is an orthogonal projection on M , then PM = QJMQM is a J-
orthogonal projection on M .
(ii) If PM is an J-orthogonal projection on M , then QM = PJMPM is a orthog-
onal projection on M .
Now we provide an example to show that the definition of frames in Krein
spaces as defined by Esmeral et. al. [10] is dependent on fundamental symmetry.
Definition 2.10. [10] Let K be a Krein space. A countable sequence {fn}n∈N is
called a frame for K , if there exist constants 0 < A ≤ B <∞ such that
A‖f‖2J ≤
∑
n∈N
|[fn, f ]|2 ≤ B‖f‖2J
Example 2.11. Consider the vector space ℓ2(N) over R. Let x = (α1, α2, . . .), y =
(β1, β2, . . .) ∈ ℓ2; we define 〈x, y〉 = α1β1 − α2β2 + α3β3 − α4β4 . . .
Then (ℓ2, 〈·〉) is a Krein space with fundamental symmetry J1 : ℓ2 → ℓ2 de-
fined by J1(α1, α2, . . .) = (α1,−α2, . . .), but we can define another fundamental
symmetry J2 on (ℓ
2, 〈·〉) s.t. J2 : ℓ2 → ℓ2 defined by J2(α1, α2, α3, α4, . . .) =
(2α1 −
√
3α2,
√
3α1 − 2α2, α3,−α4, . . .). Now according to the definition given
by K. Esmeral et. al. [10], the sequence {en : n ∈ N} is a frame for the triple
(ℓ2, 〈·〉, J1) with frame bound A = B = 1, but if we consider the triple (ℓ2, 〈·〉, J2),
then the sequence {en : n ∈ N} is not a frame with frame bound A = B = 1.
So the definition given in [10] takes away some important geometries of Parseval
frame.
But the definition in [9] is independent on J-symmetry of the Krein space K .
Let (K , [ . ], J1) and (K , [ . ], J2) be two cannonical decompositions of K . But
from Theorem 7.19 [20] we know that the J-norms ‖.‖J1 and ‖.‖J2, are equivalent.
Since R(T+) and R(T−) are uniformly J-definite, hence the norms generated by
the inner products [ . ] and [ . ]J1 are equivalent. Also the norms generated by the
inner products [ . ] and [ . ]J2 are equivalent. So R(T+) and R(T−) are uniformly
J-definite in the both J-fundamental symmetries. Hence if {fn : n ∈ N} is a
J-FRAME SEQUENCES IN KREIN SPACE 5
J-frame for (K , [ . ], J1), then {fn : n ∈ N} is also J-frame for (K , [ . ], J2). This
establishes our claim.
3. Main results
3.1. General Properties. Projections and Orthogonal projections play a spe-
cial role in many aspects of frame theory [14]. We first prove the following theorem
in connection with frames and orthogonal projections [3] in the context of Krein
spaces.
Theorem 3.1. Let (K, [ . ], J) be a Krein space with fundamental symmetry
J , and let PM be a J-orthogonal projection from K onto M . Also let M be a
uniformly positive definite subspace of K. Then if {fn}n∈N is a J-frame for K
then {PM(fn)}n∈N is also a J-frame for PMK and {(I −PM )fn}n∈N is a J-frame
for (I − PM)K.
Proof. Since PM is a J-orthogonal projection with R(PM) = M , therefore it is
necessarily a J-orthogonal projection onto M parallel to M [⊥]. Hence (I − PM)
is a J-orthogonal projection onto M [⊥] parallel to M . As M is a image of a
J-orthogonal projection hence M is a regular subspace of K i.e. equivalently
M is a projectively complete subspace of K . So K = M [+˙]M [⊥]. So we have
a fundamental decomposition of K . Since M is uniformly positive therefore by
Theorem 7.1 [8] we claim thatM is a maximal uniformly definite regular subspace
of K . Also we have PM(x) = QM(x) = x for all x ∈M . Now {fn}n∈N is a frame
for the associated Hilbert space (K , [ . ]J), so according to Hilbert space frame
theory {QM(fn)}n∈N is a frame for (M, [ . ]J). Now for every f ∈M ,
[f,QM(fi)]J = [f, JPMJPM(fi)]J
= [f, PMJPM(fi)]
= [PM(f), JPM(fi)]
= [PMf, PMfi]J .
According to our assumption M is uniformly definite, hence the norms generated
by the inner products [ . ] and [ . ]J are equivalent. Also {PM(fn)}n∈N is a Bessel
sequence in K . Hence using Proposition 3.3 [9] we have 0 < A ≤ B such that
A[f, f ]≤
∑
n∈N
|[f, PMfi]|2≤B[f, f ] for every f ∈M
Hence {fn}n∈N is a frame for (M, [ . ]). We condiser the subspace {0} as maximal
uniformly J-negative subspace inM , then {fn}n∈N is a J-frame forM , consisting
only positive elements.
Since M is maximal uniformly J-positive subspace in K , so M [⊥] is a maximal
uniformly J-negative subspace.
Using the self-adjoint involution −J and the similar arguments as above we can
show that {(I − PM)fn}n∈N is a J-frame for (I − PM)K . 
We next state the theorem, the proof of which follows in the same way as above.
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Theorem 3.2. Let (K, [ . ], J) be a Krein space with fundamental symmetry
J , and let PM be an J-orthogonal projection from K onto M . Also let M is a
uniformly negative definite subspace of K. Then if {fn}n∈N is a J-frame for K
then {PM(fn)}n∈N is also a J-frame for PMK and {(I −PM )fn}n∈N is a J-frame
for (I − PM)K.
Since M(= PK ) is a vector space with an indefinite inner product [ . ], M
equipped with [ . ] cannot be neutral or semi-definite since M0 = M∩M [⊥] = 0.
We have K = M [+˙]M [⊥]. So according to Theorem 7.16 [20], (M, [ . ]) is a Krein
space. Let us assume that M is a J-definite subspace of K . But any J-definite
subspace ofK is regular iff it is uniformly J-definite [[8], Theorem 8.2]. Therefore
M is a uniformly J-definite subspace of K . Without any loss of generality let us
assume that M is a uniformly J-positive definite subspace of K . Then M [⊥] is
a uniformly J-negative definite subspace of K . Since K is ortho-complemented,
therefore according to Lemma 11.4 [8], M is maximal J-positive definite subspace
ofK . SoM is maximal uniformly J-positive definite subspace ofK and similarly
M [⊥] is maximal uniformly J-negative definite subspace of K . Hence the range
of a J-orthogonal projection is either maximal uniformly J-definite subspace of
K or M is a Krein space with respect to the induced inner product of K .
But in general if the subspace contain any non-zero neutral elements then
{PM(fn)}n∈N may not be a J-frame for PMK . This can be checked by the
following example.
Example 3.3. Consider the Vector space R3 over R. Let {e1, e2, e3} be the
standard orthonormal basis. Define [ei, ei] = 1 for i = 1, 3 and [e2, e2] = −1.
Also [ei, ej ] = 0 for i 6= j. Then R3 is a Krein space with respect to the above
inner product. Let PM is a J-orthogonal projection from R
3 onto M defined by
PM(x, y, z) = (x, y, 0) for all (x, y, z) ∈ R3. Now consider the following collection
of vectors {(1, 1,−1001), (10,− 1
200
,−5), (0, 1, 0)}. It is a J-frame for the given
Krein space. But if we apply the J-orthogonal projection PM , then the resulting
collection is not a J-frame in (M, [ . ]). Since it contains non-zero neutral elements.
Remark 3.4. Let (K , [ . ], J) be a Krein space with fundamental symmetry J , and
let PM be a J-orthogonal projection from K onto M . Also let M be a uniformly
positive definite subspace of K . Then if {fn}n∈N is a J-frame for K with frame
bounds B2 ≤ A2 < 0 < A1 ≤ B1 then {PM(fn)}n∈N is also a J-frame for PMK
and {(I−PM)fn}n∈N is a J-frame for (I−PM )K . But generally we can not write
their frame bound in terms of original frame bounds.
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Remark 3.5. Let PM is a J-orthogonal projection from a Krein space (K , [ . ], J)
onto a closed subspace M . Also let PMJ = JPM . Then
[PM(fn), fn] = [PM(fn), PM(fn)]
= [PM(fn), JPM(fn)]J
= [PMJPM(fn), fn]J
= [QM (fn), fn]J
= [QM (fn), QM(fn)]J
= ‖QM(fn)‖2J .
So we have [PM(fn), fn] > 0 for all n ∈ N. Also PM(fn) = QM(fn) 6= 0 for all
n ∈ N.
We next prove the following theorem
Theorem 3.6. If {fn}n∈N is a J-frame for PK and {gn}n∈N is a J-frame for (I−
P )K, both with J-frame bounds B2 ≤ A2 < 0 < A1 ≤ B1, then {fn}n∈N
⋃ {gn}n∈N
is a J-frame for K admitting the same J-frame bounds.
Proof. Let P (K ) = M , then M is a regular subspace of K . Let I1+ = {i ∈ N :
[fi, fi] > 0} and I1− = {i ∈ N : [fi, fi] < 0}. Also let M1+ = span{fi : i ∈ I1+} and
M1− = span{fi : i ∈ I1−}. Since {fn}n∈N is a J-frame for M , so the subspaces M1+
and M1− are maximal uniformly J-definite and M =M
1
+
⊕
M1−.
Similarly let I2+ = {i ∈ N : [gi, gi] > 0} and I2− = {i ∈ N : [gi, gi] < 0}.
Then we have We assume M [⊥] =M2+
⊕
M2−, where M
2
+ = span{gi : i ∈ I2+} and
M2− = span{gi : i ∈ I2−}. According to our assumption M is a regular subspace of
K , so K = M
⊕
M [⊥]. Now {fn}n∈I1
+
⋃{gn}n∈I2
+
is the set of all positive vectors
in K . We want to show that their closed linear sum is a maximal uniformly J-
positive subspace of K . Now M1++M
2
+ is a uniformly J-positive subspace of K
sinceM1+[⊥]M2+. It is also a maximal uniformly J-positive subspace. Similarly we
can show that span
{
{fn}n∈I1
−
⋃{gn}n∈I2
−
}
= M1−+M
2
− andM
1
−+M
2
− is a maximal
uniformly J-negative subspace. So we have K = (M1++M
2
+)+(M
1
−+M
2
−). Now
we have to show that {fn}n∈N
⋃ {gn}n∈N is a J-frame forK admitting the same J-
frame bounds, but this is easy to prove. Let f ∈M1++M2+, then f = f1+f2, where
f1 ∈M1+ and f2 ∈ M2+. Now [f, f ] = [f1, f1] + [f2, f2] and |[f, fi]|2 = |[f1, fi]|2 for
all i∈I1+. Also we have |[f, gi]|2 = |[f2, gi]|2 for all i∈I2+. So for all f ∈ M1++M2+,
we have
A1[f, f ] ≤
∑
i∈I1
+
|[f, fi]|2+
∑
i∈I2
+
|[f, gi]|2 ≤ B1[f, f ]
Similarly we can show that for all g ∈M1−+M2−
A2[f, f ] ≤
∑
i∈I1
−
|[f, fi]|2+
∑
i∈I2
−
|[f, gi]|2 ≤ B2[f, f ]
This is our proof. 
Combining Theorems 3.1, 3.2 and 3.6 we get the following theorem
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Theorem 3.7. Let (K, [ . ], J) be a Krein space with fundamental symmetry J ,
and let P be an J-orthogonal projection on K.
If {fn}n∈N is a J-frame for K, then {Pfn}n∈N is also a J-frame for PK and
{(I − P )fn}n∈N is a J-frame for (I − P )K provided PK is J-definite.
Conversely, if {fn}n∈N is a J-frame for PK and {gn}n∈N is a J-frame for (I−
P )K, both with J-frame bounds B2 ≤ A2 < 0 < A1 ≤ B1, then {fn}n∈N
⋃ {gn}n∈N
is a J-frame for K admitting the same J-frame bounds.
3.2. Frame sequences and their properties. Frame sequence in a Hilbert
space H is a well known concept. Kaushik et. al. [16] published a paper in the
year 2008 to show some important properties of frame sequences. We will show
that the results they found also holds for frames in Krein Spaces.
Now let K be a Krein space and {fn : n ∈ N} be a Bessel sequence of no non-zeo
neutral elements in K . Also let I+ = {i ∈ I : [fn, fn] > 0} and I− = {i ∈ I :
[fn, fn] < 0}.
Definition 3.8. A sequence {fn : n ∈ N} in K is said to be a frame sequence
in K if span{fn : n ∈ I+} and span{fn : n ∈ I−} are uniformly J-positive and
uniformly J-negative subspace of K respectively.
Definition 3.9. A J-frame {fn} in K is called exact if removal of an arbitrary
fn renders the collection {fn} no longer a J-frame for K .
Definition 3.10. A frame {fn} in K is called near exact if it can be made exact
by removing finitely many elements from it.
Also a near exact frame is called proper if it is not exact.
We next prove the following theorems for frame sequences in Krein space in
analogy with frame sequences in Hilbert space theory.
Theorem 3.11. Let {fn} be any frame of K and let {mk} and {nk} be two
infinite increasing sequence of N with {mk} ∪ {nk} = N. Also let {fmk} be frame
for K. Then {fnk} is a frame for K if and only if
span{fnk : [fnk , fnk ] > 0} = span{fmk : [fmk , fmk ] > 0}
and span{fnk : [fnk , fnk ] < 0} = span{fmk : [fmk , fmk ] < 0}.
Proof. Since {fn : n ∈ N} is a J-frame for K , so let I+ = {n ∈ N : [fn, fn] > 0}
and I− = {n ∈ N : [fn, fn] < 0}. Let M+ = span{fn : n ∈ I+} and M− =
span{fn : n ∈ I−}. Here M+ and M− are maximal uniformly J-positive and J-
negative subspace respectively such that K = M+
⊕
M−. Now, {fmk} is also a
J-frame forK . So let I ′+ = {mk : [fmk , fmk ] > 0} and I ′− = {mk : [fmk , fmk ] < 0}.
We also have M1+ = span{fmk : mk ∈ I+} = M+ and similarly M1− = span{fmk :
mk ∈ I−} = M−. Now {fnk} is a subsequence of {fn : n ∈ N}. So let I ′′+ =
{nk : [fnk , fnk ] > 0} and I ′′− = {nk : [fnk , fnk ] < 0}. So {fnk : nk ∈ I ′′+} ⊂ M+
and {fnk : nk ∈ I ′′−} ⊂ M−. If it is a J-frame for K , then we obviously have
span{fnk : nk ∈ I ′′+} = M+ and span{fnk : nk ∈ I ′′−} = M−.
Conversely if span{fnk : nk ∈ I ′′+} = M+ and span{fnk : nk ∈ I ′′−} = M−. Then
{fnk} is a J-frame for K . 
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Theorem 3.12. Let {fn} be any J-frame for K and let {mk}, {nk} be two infinite
increasing sequences with {mk} ∪ {nk} = N. Let K′ = span{fmk}∩span{fnk}.
If K′ is a finite dimensional Krein space, then {fmk} and {fnk} are J-frame
sequences for K.
Proof. {fn : n ∈ N} is a J-frame for K , so let I+ = {n ∈ N : [fn, fn] > 0} and
I− = {n ∈ N : [fn, fn] < 0}. Also let M+ = span{fn : n ∈ I+} and M− =
span{fn : n ∈ I−}. Then we have K = M+
⊕
M−. Now {fnk} is a subsequence
of {fn : n ∈ N}. So let I ′+ = {nk : [fnk , fnk ] > 0} and I ′− = {nk : [fnk , fnk ] < 0}.
So {fnk : nk ∈ I ′+} ⊂ M+ and {fnk : nk ∈ I ′−} ⊂ M−. Now since K ′ is a finite-
dimensional Krein space so let K ′ = M ′+
⊕
M ′−, where M
′
+ and M
′
− are maximal
uniformly J-positive and maximal uniformly J-negative subspace respectively.
Also M ′+ ⊂ M+ and M ′− ⊂ M−. Now let {lk} ⊂ I ′+ be any finite subsequence
of {nk} ⊂ I ′+ such that M ′+ = span{flk}. Let {flk} be a frame for the Hilbert
space (M ′+, [ . ]) and 0 < A
′ ≤ B′ be the bounds of the frame {flk}. Now let
f ∈ span{flk} be any element. Now, if f [⊥]M ′+, then for all f ∈M+,∑
|[f, fn]|2 =
∑
|[f, fnk ]|2 ≥ A1[f, f ] (here A1 > 0)
Also, if f∈M ′+ then∑
|[f, fnk ]|2 ≥
∑
|[f, flk ]|2 ≥ A′1[f, f ]
Otherwise, we have f =
∑
αkfnk = f
′ + f ′′,
here i∈ {nk} \ {lk}, j∈ {lk} and f ′[⊥]M ′+ and f ′′∈M ′+.
Thus,
∑
|[f, fnk ]|2 =
∑
|[f, fi]|2 +
∑
|[f, fj ]|2, i ∈ {nk} − {lk}, j ∈ {lk}
=
∑
|[f ′, fi]|2 +
∑
|[f ′′, fj]|2
≥ A1[f ′, f ′] + A′1[f ′′, f ′′]
≥ min{A1, A′1}[f, f ]
Hence {fnk : nk ∈ I ′+} is a frame sequence in (M+, [ . ]). Similarly we can show
that {fnk : nk ∈ I ′−} is a frame sequence in (M−, [ . ]). Hence {fnk} is a J-frame
sequence in K .
By similar arguments as above we can show that {fmk} is also a J-frame sequence
in K . 
Theorem 3.13. Let {fn : n ∈ N} be a J-frame for K with optimal bounds
B2 ≤ A2 < 0 < A1 ≤ B1 such that fn 6= 0 ∀ n ∈ N. If for every infinite
increasing sequence {nk} ⊂ N, {fnk} is a J-frame sequence with optimal bounds
B2 ≤ A2 < 0 < A1 ≤ B1, then {fn} is an exact J-frame.
Proof. Since {fn : n ∈ N} is a J-frame for K , so let I+ = {n ∈ N : [fn, fn] ≥ 0}
and I− = {n ∈ N : [fn, fn] < 0}. Now suppose {fn} is not exact. With-
out any loss of generality let us assume that there exists an m ∈ I+ such that
fm∈ span{fi : i ∈ I+ \ {m}}. Let {nk} be an increasing sequence given by
nk = k, k = 1, 2, . . . , m − 1 and nk = k + 1, k = m,m + 1, . . .. So for
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that {nk} ⊂ N, we have {fnk} is also a J-frame sequence for K with bounds
B2 ≤ A2 < 0 < A1 ≤ B1. Let M+ = span{fn : n ∈ I+} and {fn : n ∈ I+} is a
frame for the Hilbert space (M+, [ . ]) with optimal frame bounds 0 < A1 ≤ B1.
Let M1+ = span{fi : i ∈ I+ \ {m}}. Now M1+ is a closed subspace of the Hilbert
space (M+, [ . ]) such that M
1
+ = M+ and {fi : i ∈ I+ \ {m}} is a frame for
(M+, [ . ]) with the same frame bound.
Therefore, by frame inequality we have, |[f, fm]|2 = 0 ∀ f ∈ M+. This gives
fm = 0, which is a contradiction.
Hence the proof. 
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